Abstract. Let k be a field. We prove that any polynomial ring over k is a Kadison algebra if and only if k is infinite. Moreover, we present some new examples of Kadison algebras and examples of algebras which are not Kadison algebras.
Introduction. Let k be a field and
Every derivation of A is a local derivation of A. There exist local derivations which are not derivations (see [1] ). We say that a k-algebra A is a Kadison algebra if every local derivation of A is a derivation. R. Kadison [1] , in 1990, proved that polynomial rings over C are Kadison algebras. His proof of this fact is valid for any polynomial algebra over a field k of characteristic zero. Yong Ho Yon [2] , in 1999, tried to prove the same in the case when k is infinite of any characteristic, but in his proof there are some gaps. He repeats Kadison's arguments which are not valid in positive characteristic. However, the assertion is indeed true. We present here a short proof of this fact.
We prove that any polynomial ring over k is a 
If the set k n M is dense in the Zariski topology of k n , then A is a Kadison algebra.
Proof. Step 1. Assume that γ : A → A is a local derivation such that γ(x 1 ) = . . . = γ(x n ) = 0. We shall show that γ = 0. To this end, observe that if λ ∈ k n M , then for every ϕ ∈ A, we may define, in a natural way, the value ϕ(λ) belonging to k.
Let w ∈ A and let λ be an arbitrary point belonging to k
Since γ is a local derivation of A, there exists a derivation δ of A such that
and so
Thus we have
Since k is infinite and the set k n M is dense, γ(w) = 0. This implies that γ = 0.
Step 2. Now assume that γ is an arbitrary local derivation of A. Denote by ϕ 1 , . . . , ϕ n the elements γ(x 1 ), . . . , γ(x n ), respectively. There exists a
The above theorem implies that if k is infinite and S = {t n : n ≥ 0}, then
is a Kadison algebra. Using the above theorem in the case when S is the group of units of k[x 1 , . . . , x n ] we get:
Now we shall show that polynomial algebras over finite fields are not Kadison algebras.
Proposition 3. Let k be a finite field of cardinality q and let
is a local derivation of A which is not a derivation.
Proof. Let p = char(k) and let q = p r for some r ≥ 1. Each element λ of k satisfies the equality λ q = λ. Moreover, (f + g) q = f q + g q for all polynomials f and g. Hence, γ is a k-linear mapping.
Observe that γ(x 1 ) = 0 and γ(x
This implies that γ is not a derivation because in the opposite case we have a contradiction:
Now assume that f is an arbitrary polynomial from A and denote by v its partial derivative ∂f /∂x 1 
Therefore, γ is a local derivation of A.
As a consequence of Propositions 2 and 3 we get We define a mapping γ : A → A by
It is a k-linear mapping. We shall show that γ is a local derivation which is not a derivation. Proof. This follows from Theorem 5 for P = 0.
The next proposition shows that the class of Kadison algebras is not closed with respect to homomorphic images. Proof. Each element w of R n has a unique representation of the form
Proposition 7. Let n be a nonnegative integer and let
where a 0 , . . . , a n−1 ∈ k and τ = t + (t n ). In this case we denote by w(0) the constant term a 0 , and by w ′ the element
Note that if w ∈ R n , then w is invertible in R n if and only if w(0) = 0.
for some x, y ∈ k. This implies that if β is a local derivation of R 2 and char(k) = 2, then there exists y ∈ k such that β(a + bτ ) = byτ for all a, b ∈ k, and if char(k) = 2, then there exist x, y ∈ k such that β(a + bτ ) = b(x + yτ ) for all a, b ∈ k. In both cases such a β is a derivation of R 2 . Thus, R 2 is a Kadison algebra. Now let n > 2. Consider the mapping γ : R n → R n defined by
We will show that γ is a local derivation of R n . Let w ∈ R n . If w
. This means that γ is a local derivation.
Note that γ(τ ) = τ . Assume that n > 3 and suppose that γ is a derivation of R n . If char(k) = 2 then we have a contradiction: 0 = γ(τ 2 ) = 2τ γ(τ ) = 2τ 2 = 0. If char(k) = 2 then we also have a contradiction: 0 = γ(τ 3 ) = 3τ 2 γ(τ ) = τ 3 = 0. Therefore, if n > 3, then γ is not a derivation. So we have (3). The same happens in the case when n = 3 and char(k) = 2.
It remains to prove that if char(k) = 2, then R 3 is a Kadison algebra. Assume that char(k) = 2 and let α : R 3 → R 3 be a local derivation. Then there exists a derivation
and so x = 0, that is, α(τ ) = yτ + zτ 2 for some y, z ∈ k. Moreover, α(1) = 0 and, since char(k) = 2, α(τ 2 ) = 0. Hence,
for all a, b, c ∈ k, and this implies that α is a derivation of R 3 . Therefore, if char(k) = 2, then R 3 is a Kadison algebra.
Let us end this paper with the following theorem. = γ(x s 1 ) ∈ k, which is a contradiction. Therefore, γ is not a derivation of A.
